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Abstract 
Given a colouring A of a d-regular digraph G and a colouring H of the symmetric omplete 
digraph on d vertices with loops, the uniformly induced colouring LnA of the line digraph LG is 
defined. It is shown that the group of colour-preserving automorphisms of (LG, L ,A )  is 
a subgroup of the group of colour-permuting automorphisms of (G,A). This result is then 
applied to prove that if (G,A) is a d-regular coloured digraph and (LG, LIIA) is a Cayley 
digraph, then (G, A ) is itself a Cayley digraph Cay (Q, A ) and H is a group of automorphisms of 
f2. In particular, a characterization f those Kautz digraphs which are Cayley digraphs is given. 
If d= 2+ for every arc-transitive digraph G, LG is a Cayley digraph when the number k of 
orbits by the action of the so-called Rankin group is at most 5. If k>/3 the arc-transitive 
k-generalized cycles for which LG is a Cayley digraph are characterized. 
1. Preliminaries 
Cayley digraphs have been proposed as a group theoretical model for designing, 
analysing and improving symmetric interconnection networks [1]. The line digraph 
technique has proved to be useful to obtain large digraphs for fixed degree and 
diameter. Moreover,  these digraphs admit simple routing algorithms to find short 
paths between vertices, which could be used to route the messages in the corres- 
ponding networks [-3]. In this context, this paper is concerned with the following 
question: for which d-regular digraphs G is their line digraph LG a Cayley digraph? 
This also amounts to asking about  the existence of arc-regular automorphism groups 
of G. 
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Let us fix the meaning of some concepts about digraphs that will be used in this 
paper. For  group theoretical undefined concepts, we refer the reader to [-7]. 
A digraph is a couple G=(V,E) where V isa  (finite) set and E is a subset of Vx V. 
The elements of V are called vertices and the elements of E arcs. If e = (x, y)~ E it is said 
that x is adjacent o y and y is adjacent from x. We call x the startpoint and y the 
endpoint ofe. The order of G is I V[ and its size is IEI. A path from x to y is a sequence of 
vertices X=Xo,Xl ..... x ,=y such that (xl,xi+l)~E for O<~i<~n-1. In this paper all 
digraphs are supposed to be strongly connected, that is, there is a path from x to y for 
all x, yEV. If ScV we denote E+(S)(E-(S)) as the set of arcs with startpoint 
(endpoint) in S. If IE+(x)[=IE-(x)l=d, for all x~ V,G is said to be d-regular. The 
digraph G is (1/1 . . . . .  Vk)-partite if //1, V2 . . . . .  Vk is a partition of V and for every 
(x,y)~E, x6Vi, y~Vj with i:/:j. 
An automorphism of G is a bijective mapping f :  V~V such that (x,y)~E ,¢~ 
(f(x), f(y))~E. The set of automorphisms of G is a group denoted by Aut(G). The 
digraph G is vertex-transitive if the action of Aut(G) on V is transitive. 
A (1-)factor of a d-regular digraph G=(V,E)  is a 1-regular spanning subdigraph 
F of G. Afactorization of G is a set of d factors whose sets of arcs is a partition of E. 
F rom the fact that every regular graph of even degree is 2-factorable [5], every 
d-regular digraph admits a factorization. 
We summarize some previously known results about arc-coloured igraphs, most 
of them from [9, 10]. 
A decomposition i to permutations or an (arc)-colouring of a d-regular digraph 
G=(V,  E) is a set A of d permutat ions of V such that 
(i) (x, 6(x))~E for all x~V and 6~A; 
(ii) if 6(x)=6'(x) for some x~ V, then 6=6'. 
Then, for every arc (x, y) there is a unique 6 e A such that y = 6(x); 6 is called the colour 
of (x, y) and the arc can be denoted by (x, 6). We will also use the notations y = x • 6 
and x=y ~ 6. Note that the d arcs from any vertex x have different colours and 
likewise for the d arcs to x. The digraph F(60 generated by the arcs of colour 6~ is 
a factor of G, and F(61) ..... F(Sd) is a factorization of G. Reciprocally, if F1 . . . . .  Fa is 
a factorization of G and we define 6i(x) as the unique vertex y such that (x, y) is an arc 
of F~, then A={61 . . . . .  6a} is an arc-colouring of G. Therefore the concepts of 
arc-colouring and factorization are equivalent, so that every d-regular digraph admits 
an arc-colouring. 
A coloured digraph is a pair (G,A) where G is a d-regular digraph and A is 
a colouring of G. The permutation group of (G, A) is the subgroup Z'(G, A) of Sym(V) 
generated by A. Since we assume all digraphs to be strongly connected S(G, A) acts 
transitively on V. Thus, 
[ VI~<IZ(G,A)I. (1) 
For a coloured d-regular digraph (G, A) it is useful to consider the following class of 
automorphisms. An automorphism f of G is called colour-permuting if there is a per- 
mutat ion #I of A such that f (x  (~ 5)=f(x) ~D ~I(6) for any vertex x and colour 6. The 
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permutation a I can be extended to an automorphism - - denoted also by 6f - of the 
group _r(G, A), using the following expression: 
~s(3, ~,2-.. ~,~)= ~s(3,)~rs(6~2 ) ... ~s(bj, 
see [2]. The set of colour-permuting automorphisms is a subgroup of Aut(G) denoted 
by Aut*(G,A). The mapping Aut*(G,A)-~AutX(G,A) defined by f~--~af is 
a homomorphism, so its kernel, denoted by Aut(G,A), is a normal subgroup of 
Aut*(G,A). IffeAut(G,A) thenf (x  q) 3)=f(x) • 3 for all x and 3. These automor- 
phisms are called colour-preserving. Then, it can be shown that Aut(G, Ai acts 
semiregularly on V. Therefore, 
[Aut(G'A)I~I VI" (2) 
Let f2 be a finite group and A a generating subset of f2 with cardinality d and 1 ~ 5. 
The (right) Cayley digraph Cay(g2, A) has f~ as set of vertices and (x,y) is an arc iff 
y=xs for some seA. The Cayley digraph Cay(fLA) is a vertex-transitive strongly 
connected -regular digraph. It can be coloured in a natural way by taking as colours 
the set [3s: seA} where 65 is defined by 3~(x)=xs. For Cayley digraphs, (1) and 12) 
become qualities. Conversely, if G is a d-regular digraph which admits a colouring 
A such that in (1) or (2) equality holds, then G is (isomorphic to) a Cayley digraph. 
Sabidussi's [8] theorem characterizing Cayley graphs can also be stated for digraphs: 
G is a Cayley digraph if and only ifAut(G) has a subgroup F which acts regularly on V. 
The line digraph LG of a digraph G=(V,E) has E as vertex set and [x,j~)eE is 
adjacent o (y',z)eE if and only if y=y'. If G is d-regular of order n, then LG is 
d-regular of order dn. In this case it is known that the mapping Aut(G}--*AutILG) 
defined by J'~--~f, where f(x,y)=(f(x),f(.V)), is an isomorphism, so we can identify 
./'and./. both denoted by f  If Aut(G)-=Aut(LG) acts transitively on E, Aut(G)is 
arc-transitive and G is also said to be arc-transitive. Consequently, G is arc-transitive if 
and only if LG is vertex-transitive. A subgroup F<Aut(G) is arc-regular if it acts 
regularly on E. Then, by Sabidussi's theorem, LG is a Cayley digraph if and only if 
AuttG) has an arc-regular subgroup. 
In the case that G is a Cayley digraph, G= Cay((2, A), the line digraph LG can be 
coloured in a natural way. Necessary and sufficient conditions for this coloured line 
digraph to be again a Cayley digraph were given in [2]. Analogous conditions are 
shown to be also necessary and sufficient when the hypothesis of G being a Cayley 
digraph is removed. This case is studied in Section 2, where we allow G to have 
arbitrary degree d but only such natural colourings of LG are considered. In Section 
3 no restrictions about colourings are made, but the degree is fixed to 2. 
2. Line digraphs with uniformly induced colourings 
Let (G,A) be a coloured d-regular digraph and K+(A) the complete symmetric 
digraph with loops and vertex set A. Let/-I ={n~: 6eA} be a decomposition of K+(A) 
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into permutations. For simplicity we will write 6' G g6 as 6' • 6. From A and/7 we 
define the uniformly induced colourin9 LnA = {Ln6: 6eA} of LG by 
(x, 6) G Ln6'=(x ~) 6,6' ~) 6). 
It can be easily checked that LnA is, indeed, a colouring of LG. 
A decomposition i to permutations 17 of K~(A) is normal if for some 61cA the 
following conditions hold: 
(i) ~1  = id; 
(ii) 61 ~) ~=6 for all 6cA; 
i.e., all loops get the same colour g6~ and the arc (61,6) is coloured by g~. For 
uniformly induced colourings it is convenient to take normal decompositions. In this 
context, the following theorem was proved in [2]. 
Theorem 1. Let ( G, A ) = Cay(~2, A) be a Cayley digraph and II a normal decomposition 
into permutations of K~(A). Then (LG, LnA) is a Cayley digraph if and only if 17 is 
a group ofautomorphisms ofZ(G, A)~-I2. In this case LG is a Cayley digraph on the 
semidirect product • >~17. 
The proof of Theorem 1 can be modified to show that if (LG, LnA) is a Cayley 
digraph, then (G, A ) is itself a Cayley digraph. Following the ideas developed in [2] we 
first show that Aut(LG, LnA) is a subgroup of Aut*(G, A). 
Note that if A is a colouring of G and the arcs are denoted by the startpoint and the 
colour, that is (x, 6), then by using the identification Aut(G)~-Aut(LG), we have 
f ~Aut(G,A) ~ f(x,6)=(f(x),6) for all x~V, 6cA; 
f~Aut*(G,A) ~ f(x,6)=(f(x),as(6)) for all xcV, 5cA. 
Proposit ion 2. Let (G, A) be an arc-coloured -regular digraph, 17 a normal decomposi- 
tion into permutations of K~ (A) and 
= {fcAut*(G, A ): af(6 t~) 6') = 6 (~ as(6' ) for all 6, 6'cA }. 
Then Aut ( LG, LnA ) = 9ft. 
Proof. First, suppose fe~g and put a=a s. Then 
f((x, 6) • L•6')=f(x ~) 6, 6' G 6)=(f (x)  • a(6), a(6' 0 6)) 
=(f (x)  ® a(6),6' • a(6))=(f(x),a(6)) G Ln6' 
=f(x, 6) • L,6', 
hence fe  Aut(LG, Ln A ). 
Conversely, let f~Aut(LG, LnA). For all xc V(G) and 6cA, we define a~(6) and 
ax(6) by 
f (x 0 6,6)=(f(x 0 6), a~- (6)), f(x,6)=(f(x),a*~(6)). 
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+ and crZ are permutations of A. Since f preserves colours, it follows that O" x 
f ( (x  0 6, 6) • Ln6 ' )=f (x  @ 6, 6) • Ln6'; 
f(x,  a' • 6) =(f (x  @ 6), a~-[6)) 0 L,,6'; 
(f(x), a + (6' • 6 ) )=( f  (x 0 6) • a;  (6), 6' • a;  (6)). (3) 
By equating the second components, 
+(6' • 6)=6'  a~ • ~r2 (a) 14) 
+=a2.  Denote + 62 byax. and, for 6'=61, we have a+(6)=a2(6) for all 6, so a~ a~= 
By taking colours inf(x, 6)=f( (x  • 6) @ 6, 6), we have ~r~(6) =a~e a(6). If y = x • 6 
and 6"cA, let 6' be such that 6 '0  6 = 6". Then 
a~(6")=ax(6' • 6)=6'  • ax(6)= 6' • %(6 )=%(6' • 6)=%(6") 
and we obtain a~(6") = o-~e a(6") for all 6, 6". Since G is strongly connected, a~=a= for 
all x, ze V. From Eq. (3), f (x )=f (x  @6) 0 ~r(6) or, equivalently, f (x  • 6)= 
f(x) • a(6), hencefeAut*(G,A) and a=a s. Moreover, Eq. (4) imp l ies J~,  iZ 
If d=2, 3, there is only one normal decomposition i to permutations of K j-(A). 
Moreover, for d=2, the condition as(6 • 6')=6 • Ors(6') is always satisfied and then 
Aut* (G, A ) = Jt a = Aut(LG, Ln A ). 
Theorem 3. Let (G, A) be a coloured d-regular digraph and H a normal decomposition 
into permutations of K~ (A ). Then ( LG, Ln A ) is a Cayle y digraph (land only if" ( G, A ) is 
a Cayley digraph and I71 is a group ofautomorphisms ofS(G, A). 
Proof. Assume that (LG, LIIA) is a Cayley digraph. If fEAut(LG, LHA) 
= • ,  as(5' • 6) = 6' • as(b) and, for 5 = 151, we have aS(5') = 6' • OrS(b1 ),so a s = ft,, (a,), 
thus aseH. Then the mapping ~--+AutZ(G,A),f~--* a s is a well-defined group 
homomorphism with kernel Aut(G,A) and its image /7 is a subset of /7. Since 
(LG, LnA) is a Cayley digraph, its order is I EI = I Aut(LG, LnA)] and 
d I VI=IEI=IAut(LG, LnA)I=]JgI=II I I  ' I Aut(G,A )I~<IHI ' I V l=d l VI, 
so, I VI=[Aut(G,A)[ and (G,A) is a Cayley digraph. Moreover, ]/71=[/71 and /7 is 
a group of d automorphisms a  of S(G, A). 
Although Theorem 1 implies the sufficiency, we include the proof for completeness. 
Let (G,A)=Cay(C2, A) and let /7 be a group of automorphisms of S(G,A)~-~2. The 
correspondence (x,~)~(x ,  ~(61))= (x, 6) is a bijective mapping from the semidirect 
product Q>~/7 on the vertices of (LG, LnA). Moreover 
(X, ~6)(61, ~61)= (X71~a(6 1 ), 7176'/I:&)-'+(X~5' 6(6i) )= (X {~ 6, ~5 i {~ tS} = {X, 6) (~ LII~) i, 
which implies that 
(LG, L.A)=Cay(~x/7,{(61,~za,) ,  i=1 .. . . .  d]). 
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As an example, we next apply the former result to the well-known family of Kautz 
digraphs [41, mainly studied in the context of interconnection networks. We recall 
that the Kautz digraph K(d, n) has as vertices the words X lX2 ... x,, xl ¢ xi+ 1 of length 
n on an alphabet of d+l  symbols, and the vertex xlx2. . .xn is adjacent to the 
d vertices x2. . .x ,x .+l ,  with x .+ l¢x . .  Note that K(d, 1)=Cay(f2, A), where f2 is 
a group of order d + 1 and A = f2\ {e}, e the identity of f2. These digraphs can also be 
described as iterated line digraphs of the complete symmetric digraph on d+ 1 
vertices, K(d, n) = L"- 1Ka+ 1, n >1 2, see [3,1. 
The automorphism group of K(d,n) is Aut(K(d,n))~-Aut(Ka+a)"~Sa+l, the sym- 
metric group of degree d+ 1. For n~>3, the digraph K(d,n) is not vertex-transitive. 
Indeed, there is no automorphism sending the vertex u=xl  ... X . - lX l  to the vertex 
v=xl  ... x . _ lx , ,  with x.:~xl.  
Proposition 4. The Kautz digraph K(d, n) is a Cayley digraph if and only if n = 1 or n = 2 
and d + 1 is a prime power. 
Proof. If K(d, n) is a Cayley digraph it is vertex-transitive, hence n ~<2. 
Suppose n=2 and let F be a subgroup of Sn+I regular on the vertices of K(d,2). 
Then F is a sharply 2-transitive group of permutations of degree d + 1, hence d + 1 
must be a prime power, see [7,1. 
Reciprocally, K(d, 1) is a Cayley digraph by definition. If n = 2 and d + 1 =p ' ,  with 
p a prime, take f2 the additive group of the finite field ~:d+l. For every 
6~A=IF*+I=IFa+I\{0 } let na be the automorphism of ~d+l defined by n6(x)=fx. 
Then H={n~: 6eA} is a normal decomposition i to permutations of K+(A) with 
61 = 1 and it is a group of automorphisms of f2. By Theorem 3, K(d, 2)=LK(d, 1) is 
a Cayley digraph. [] 
The concept of uniformly induced colouring can be generalized by taking a de- 
composition into permutations HX= {n~: 6~A} for every vertex x of the coloured 
digraph (G, A). As before 6' • fix denotes 6' G n~. I f /7 is the fami ly /7= {/Tx: x~ V}, 
the induced colouring, LnA = {L,6: 6~A} of LG can then be defined by 
(x, 6) • Ln f '=(x  • 6,6' (~ 6~) ,  
and every colouring of LG may be obtained in this way. If H x = H r for all x, ys  V, then 
the colouring LnA is a uniformly induced colouring. 
3. Line digraphs of 2-regular digraphs 
Since Cayley digraphs are vertex-transitive, for LG to be a Cayley digraph G must 
be arc-transitive. It will be shown that, for degree d = 2, this condition is often also 
sufficient. 
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Although this section is concerned with arc-transitive 2-regular digraphs, the 
following definitions and Lemma 5 are given for any degree. 
Let G=(V, E) be a d-regular digraph. An alternating path from x'~ V to x"~ V is 
a sequence of arcs 
(Xo ,Y l ) , (x I ,Y l ) , (x I ,yz ) , (x2 ,Y2)  . . . . .  (Xt 1,YI 1)'(XI 1 ,Y I ) , (xt 'Y l ) '  (5) 
where x0 = x' and x" = xt. The relation defined in V by x -  y iff there is an alternating 
path from x to y is an equivalence relation. Let I?denote the quotient set and/~ the set of 
ordered pairs (O', O" ) ~ V x V such that there are x' ~ O' and x" ~ (9" with (x', x") ~ E. The 
quotient digraph is (~=( V, E). Moreover, since an automorphismf~Aut(G) preserves 
alternating paths, f permutes the equivalence classes, and there is a natural 
homomorphism, Aut(G)~Aut(G). Obviously, if G is vertex-transitive, all equivalence 
classes have the same cardinality and (~ is vertex-transitive. In particular, it is regular, 
say of degree ~ In addition, if G is arc-transitive then d is also arc-transitive. 
Let now A = {61 . . . . .  ha} be a colouring of G. The Rankin group R(G,A) is the 
subgroup of X(G, A ) generated by the permutations 6j 16i, 1 <~ i,j <~ d, see [63. If in the 
alternating path (5) the colour of (xt, Yt + 1 ) is 6i, and the colour of (x~, y,) is 6j,, then we 
have 6;,16~, ... 6~,16~o(Xo)=Xt, SO Xo and x~ are in the same orbit by the action of 
R (G, A ) . Reciprocally, every p ~ R (G, A ) such that p(xo) = xl defines an alternating 
path from Xo to x~. Thus 17 is the set of orbits of the action of R(G, A) on l" and it does 
not depend on the colouring A. In the remainder of this paper we will refer (9c Vas an 
orbit of G. The digraph G is said to be k-orbital if IV1 = k. 
Lemma 5. Let G=(V,E) be a d-regular vertex-transitive digraph with V= 
[01 . . . . .  Ok}, k >~ 2. Then G is (01 . . . . .  Ok )-partite. 
Proof. Let O be an orbit and suppose that there exists an arc e=(x~ ,y) with xl ,yeO. 
Let xl .... , xa be adjacent o y; all of them belong to O. Since G is vertex-transitive, for 
any z~O there isf~Aut(G) such thatf(y)=z, sof (O)=O.  The d vertices adjacent o 
z a re f (x l )  ...... f(xd) which belong to O. Thus every vertex in O is only adjacent from 
vertices in O. It follows that either G is not strongly connected or G is l-orbital, 
a contradiction. [] 
First we characterize the 2-regular 1-orbital digraphs G such that LG is a Cayley 
digraph. To this end the following preliminary result is needed. 
Lemma 6. Let G = ( V, E) be a 2-regular digraph, (x, y)~ E an arc and fcAut(G) such 
that f(x, y)=(x,y), l f  O is the orbit of x, then f E+~ol=id. 
Proof. Let x,x 'e Vbe adjacent o y and y,y'E V adjacent from x. We havef (x )=x and 
f (y)=y,  sof (x ' )=x'  andf(y')=y'.  Then the arcs (x,y),(x',y),(x,y') are fixed by.f; We 
can repeat the process starting with the arc (x',y) and every arc from O is fixed 
by f [] 
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Proposition 7. Let G=(V,E)  be a 2-regular 1-orbital diqraph. Then the followinq 
statements are equivalent: 
(a) Aut(G) is arc-transitive; 
(b) Aut(G) is arc-regular; 
(c) G~-Cay(7/,, {1, -1})  with n odd. 
Proof. (b) ~ (a) and (c) ~ (a) are obvious. 
(a) ~ (b): I f feAut(G)  fixes an arc (x,y) and O is the orbit of x, by Lemma 6 
flE+to)=id, so Aut(G) is arc-regular. 
(a) ~ (c): Let 
(Xo,Yo),(Xo, Yn-1) , (x l ,  yo),(x l, y l  ) . . . . .  (Xn- l, Yn- 2),(Xn- l, Yn-1) 
be the arcs of G and fan  automorphism such thatf(xo,Yo)=(xl ,Yo) sof(yo)=Yo.  
Thereforef(x,_ j )  =x~+ 1 for every integerj (subscripts modulo n). If n is even,f  ixes no 
vertices xi. Hence n must be odd and X(n+l)/z=yo is the unique fixed vertex. 
Now, let f ' s  Aut (G) be such that f ' (xo ,  Yo) = (x 1, Y l ). Then f '(xj, y j) = (x~ + 1, Yj + 1 ) 
and f ' (x i )=xi+l , f ' (y i )=yi+l  for all i. It follows that (Xo, Xx ..... x. -1)  is a cyclic 
permutation of (Yo, Y 1, ..., Y,- 1 ), so x(, + 1)/2 + ~ = Y~ and therefore xl = y(. + 1)/2 + i - 1 for 
all i=0  . . . . .  n--1. It follows that 
(yi,xl)=(Xtn+ l)/Z +i, Y(n+ l)/2 + i -1)  E E, 
(Yi-  1, Xi) ~--(X(n+ 1)/2 + i -  1, Y(n+ 1)/2 + i -  1) EE ,  
i.e. the reverse of every arc is also an arc. Hence G is a cycle of digons and 
G~-Cay(7/ . ,{+I , -1}) .  [] 
Thus, the 2-regular 1-orbital digraphs G such that LG is a Cayley digraph are the 
digraphs G~-Cay(Z., {1, -  1}) with n odd. In this case LG is a Cayley digraph on 
Aut(G) ~-D., the dihedral group of order 2n. 
For 2-regular 2-orbital digraphs, arc-transitivity is also equivalent to arc-regularity. 
Proposition 8. Let G be a 2-regular 2-orbital digraph G. Then Aut(G) is arc-regular if 
and only if Aut(G) is arc-transitive. 
Proof. The only-if part is obvious. If G is 2-regular and 2-orbital, [~={O1,  02}  , by 
Lemma 5 is (O1,O2)-partite. I f f~Aut(G)  fixes an arc (x,y), xeO1, yeO2,  by 
Lemma 6 fE+to,)=id, hence f fixes every vertex of G, so f=id. Thus Aut(G) is 
arc-regular. [] 
By way of example, let us consider the digraph G with 7/5 x 27 2 as vertex set in which 
every vertex (a, ct) is adjacent to the two vertices (a_+2",~+ 1 ). This is a 2-regular 
strongly connected igraph which is 2-orbital, the orbits being 7/5 x {0} and 7/5 x {1}. 
It is straightforward to check that Aut(G) is arc-transitive (in fact it is the unique 
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2-regular 2-orbital arc-transitive digraph with 10 vertices), hence LG is a Cayley 
digraph on the group Aut(G). The digraph G only admits two colourings, A I, A 2. In 
addition, IS(G, A 1)1 = [S(G, A 2)[ = 50, hence G is not a Cayley digraph. Therefore, G is 
an example of a digraph that is not a Cayley digraph but its line digraph is. 
Because of Theorem 3 the colouring A of LG such that [S(LG, At[=20 is not 
a uniformly induced colouring. Let A = {6~,62} be a colouring of G. For every vertex 
x = (a, ~) take the decomposit ion into permutations H ~ of K~ (A) with n~, = id if ~ = 0 
and 7z~=id if ~= 1. I f /7={H~:  x~ V}, then A is the induced colouring L,A. 
Note that this digraph is also an example of a vertex-transitive digraph with small 
degree (d=2) and small order (n= 10) which is vertex-transitive but it is not a Cayley 
digraph. 
If G is a 2-regular k-orbital digraph with k ~< 2, then Aut(G) is arc-regular if and only 
if Aut(G) is arc-transitive; in this case LG is a Cayley digraph on the whole group 
Aut (G). Now it will be shown that this is also true for "almost all" the generalized 
cycles. 
A 2-regular digraph G is a k-generalized cycle if it is k-orbital and (~ is a cycle. 
Proposition 9. Let G be a 2-reqular k-orbital arc-transitive diqraph with k >~ 3. U G 
is a k-oeneralized cycle, then either Aut(Gl is arc-re.qular or G 
Cay(Z2 × 7/k, {(0, 1),(1, I)}). 
Proof. If I?={O1 . . . . .  Ok}, by Lemma 5, G is (O1 . . . . .  Ok)-partite. 
Suppose that Aut(G) is not arc-regular. Then there existsf~Aut(G),f4= id, such that 
it fixes an arc (x,y). We can assume that x~O~ and y~O2.  Since JiL+io,)=id, 
f fixes pointwise O1 and O2. Let i be the least integer such that f does not fix 
Oi pointwise. Take vl E Oi with f(vl)4=v~ and consider the two arcs with endpoint 
el, (Ul, vl), (u2, Vl). S incef(ul )  = ul it fol lowsf(vl  ) = v2 is a vertex adjacent from u l. In 
addition, v: ~ Oi and (U2, U2) =f(uz, Vl ) is an arc. Then (u l, v l i, (u l, U2), (UZ, El ), (/A2, U2 J 
are arcs, hence O~ 1 = {u~, u2 }. Therefore there are exactly two points in every orbit 
and G~-Cay(?72×7/k, {(0,1),(1,1)}). U~ 
Next we study the question when LGk is a Cayley digraph for Gk= 
Cay(?7 z x Yk, {(0, 1),(1, 1)}). 
Proposition 10. For k>~3, LGk is a Cayley digraph if and only !f either k is even or k is 
odd and k -  0 (rood 3). 
Proof. Let V={1,2  . . . . .  2k - l ,2k}  be the vertex set of G=Gk with orbits 
0i={2i -1 ,2 i} ,  l<~i<~k (see Fig. 1). Put a={1357. . .2k -1 ) (2468. . .2k )b=(12 J .  
Then Aut(G)=(a,b)  and [Aut(G)l=k2 k. 
Suppose LG is Cayley and k is odd. Then Aut(G) has an arc-regular subgroup F 
of order 4k. Consider the natural group epimorphism F--*Aut((~)~-Y-k and let N 
be its kernel. The subgroup N is normal in F and 4k=lFl=[N[k, so ]N]=4.  The 
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1 3 2i-1 2i+1 2i+3 2k-3 2k-1 1 
2 4 2i 2i+2 2i+4 2k-2 2k 2 
Fig. 1. 
automorphisms of N\  {id} are of order two, so N = {id, t x, t2, t3} is isomorphic to the 
Klein four group. Put z i=(2 i -  1,2i), 1 <<,i<~k, and T={za .. . . .  rk}. Let Tj, 1 ~<j~<3 be 
the set of transpositions z~ for which tj = H~,~Tiz~. 
The four automorphisms of N map the arc (2 i -1 ,2 i+ 1) on the four arcs of 
E + (O~) = {(2i- 1, 2i + 1), (2i-  1, 2i + 2), (2i, 2i + 1), (2i, 2i + 2)}. Without loss of general- 
ity we can suppose that 
q(2 i -  1,2i+ 1)=(2i -  1,2i+2) (6) 
t2(2i-- 1,2i+ 1)=(2i,2i+ 1) (7) 
t3(2i-- 1,2i+ 1) =(2i, 2i+ 2) (8) 
From (6)-(8) it follows respectively that 
? leT1 ,  "CI+ 1~ T1; 
T iEr2 ,  Ti+I¢ T2; 
T~ET3, ~+1~T3. 
Thus, for all 1 <~i<~k, 1 ~<j-%<3, zi ~Tj or Z~+x~Tj and, therefore, zi belongs to exactly 
two of the sets T1,7"2, T3. 
Now we claim that I Tll = I T2[ = I T3I. Suppose that I Tll ~1Tzl, [T3 }. Since N 
is normal and the conjugation preserves the cyclic structure of a permutation, we have 
a Xqa=ta, that is tla=atl. Let ziCT1. Then zi+l~T1 and atx(2i- l ,2i+l)= 
a(2i-1,2i+2)=(2i+1,2i+4). But, if ri+2~Tl, we have t la(2i - l ,2 i+l)= 
q(2i+1,2i+3)=(2i+2,2i+4). Otherwise, t~a(2i-l,2i+l)=t~(2i+l,2i+3) 
=(2i+ 2, 2i+ 3). Hence in both cases ata ~ta a, a contradiction.We conclude that the 
sets T~, T2, 7"3 have the same cardinality, say I. Thus, every z~ T belongs to exactly two 
of the sets Ti and every Ti has l elements, hence 3l=2k and 3[k. 
Reciprocally, we define 
tl =(1 2) (5 6) (9 10)... (2k-  3 2k-2), 
t2 =(3 4)(7 8)(11 12)... (2k-1 2k), 
t 3 =(1 2) (3 4) (5 6)... (2k-- 1 2k), 
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if k is even and 
t~=(12) (56)(78) (1112) (1314). . . (2k-1 2k), 
t2=(12) (34) (78) (910) (1314)...(2k-3 2k-2), 
t3=(34) (56) (910) (1112) (1516)...(2k- 1 2k), 
if k is odd. Then F=(t l , t2 ,  t3,a) is arc-transitive and has order 4k, hence F is 
arc-regular and LG is a Cayley digraph on the semidirect product group F = N>~(a )
where N={id, t l ,tz, t3}, more precisely LG~-Cay(F, ~a, at~}). ~_ 
Ifk is even, LGk can also be shown to be a Cayley digraph via Theorem 1. By taking 
17 = {id, x}, where rc is the automorphism of 7/2 x 7/k defined by re(x, y)=(x + y, y), this 
theorem applies, hence LGk is a Cayley digraph on the group (7/2 x 7/k)><ll. 
We note that in Propositions 9 and 10, the only exceptions to LG being Cayley are 
the digraphs Gk with k odd, k~0(mod3j ,  although they are arc-transitive Cayley 
digraphs. 
Lemma 11. Let G be a 2-reyular 3-orbital arc-transitive digraph. Then G is a 3- 
.qeneralized cycle. 
Proof. Let O1,02,  O3 be the orbits and xe O1. Let ul, [/2 be two vertices adjacent to 
x. Both of them are in the same orbit, say O2. If G is not a 3-generalized cycle, the two 
vertices vt,v2 adjacent from x are in distinct orbits, which must be 02,03.  If 
feAut(G) is such thatf(x, vl)=(x, v2), thenfpermutes the orbits O2, Oa. On the other 
hand, sinceffixes x the arcs (ul,x), (u2,x) are fixed or permuted byfso ,  in any case, 
fmaps  O2 on 02. Thus 02=f(02)=03,  which is a contradiction. [] 
Proposition 12. I f  G is a 2-reqular 3-orbital diyraph, then LG is a Cayley digraph (['and 
only if G is arc-transitive. 
Proof. We only need to show the sufficiency. If G is arc-transitive, Lemma 11 implies 
that G is a 3-generalized cycle. By Propositions 9 and 10, Aut(G) is arc-regular or 
G-~ G3. In both cases LG is a Cayley digraph. 
Let us now consider the case when G is not a k-generalized cycle. For k > 3, there are 
2-regular k-orbital arc-transitive digraphs which are not k-generalized cycles. Take, 
for example, G=Cay(Ag,{a,b}), where A4 is the alternating roup of degree 4, 
a=( l  2 3) and b=(2 3 4). The permutations a and b are conjugate by the transposition 
(1 4). Hence G is arc-transitive and, by Theorem 1, LG is a Cayley digraph. The 
digraph G is 4-orbital and (~ is the complete symmetric digraph on 4 vertices. 
Let N(G) be the kernel of the homomorphism Aut(G) --*Aut(G), i.e. N(G) is the set 
of automorphisms of G that fix all the orbits. 
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Lemma 13. Let G be a 2-regular arc-transitive digraph which is not a k-generalized 
cycle. 
(a) I f  Yo, Y,-1 are vertices adjacent from Xo, then Yo, Y,-1 belong to different orbits. 
(b) I f  feN(G)  and f (x )=x for some x, then f=id. 
Proof. (a) Suppose 0, 691 are the orbits of Xo and Y0, respectively, and 
(Xo,Yo),(xl,yo),(xl,Yl) . . . . .  (Xr-2,Yr-2),(x,-1,Yr 2), (Xo,Y,-l) 
are the arcs of E+(O). Let f~Aut(G) be such that f (xo,Yo)=(xl ,Yl) .  Hence 
f(Yi) = Yi+ 1(subscripts modulo r) so ifyo, y,-  1 both belong to O1, thenf(O1 )= O1 and 
every yi~01. Thus O is only adjacent to O 1 in (7, hence (7 is a cycle, that is 
a contradiction. 
(b) The vertices Yl, Y2 adjacent from x belong to different orbits O1,02. If they are 
not fxed by f, thenf (y l )=y2 andf(y2)=y~, so the orbits O~, O2 are permuted by 
fandfCN(G) .  Thus, the two vertices adjacent from a fixed vertex are fixed by f  Since 
G is strongly connected, f=id.  [] 
Lemma 14. Let G be a 2-regular k-orbital digraph and suppose that (7 has degree 
ff >~ k -  2 >~ 2. Then Aut(G) is arc-regular if and only if Aut( G) is arc-transitive. 
Proof. Suppose d= k - 2. If f (x,  y) = (x, y) and x ~ O, f  I E * co) = id, thenffixes O and also 
it fixes every orbit adjacent from O in (7. Since there are k -  2 of these orbits it follows 
thatff ixes k -1  orbits, and soffixes all the orbits. Thenf~N(G)  andf (x )= x implies 
f=id. 
An analogous proof can be given for the case i f=k-1 .  [] 
Proposition 15. Let G be a 2-regular k-orbital digraph with 4<~k<~5, which is not 
a k-generalized cycle. Then Aut (G) is arc-regular if and only ifAut(G) is arc-transitive. 
Proof. Let ff be the degree of (7. Since G is not a k-generalized cycle c/¢ 1. If k = 4 then 
if=2 or if=3 and Lemma 14 applies. Analogously for k=5 and ff=3,4. Finally, 
suppose k= 5 and if= 2. The number of orbits of (7 divides the order of (7 which is 5, so 
(7 is 1-orbital, i.e. (7 is a cycle of 5 digons and Aut((7)~-Ds. Let O1 be adjacent to and 
from O2 and 03. I f f~Aut(G) fixes an arc of E+(O1), then by Lemma 6 f fixes the 
orbits O1,02, 03. Since (7 has no isomorphism with exactly 3 fixed vertices,f fixes all 
5 orbits of G. From Lemma 13,f=id and so Aut(G) is regular. [] 
A similar argument allows us to show that if G is 2-regular k-orbital and (7 is a cycle 
o f  digons then Aut(G) is arc-regular if and only if Aut(G) is arc-transitive. Indeed, if 
f~Aut((7),,, Dk the number of fixed vertices of f is 0, 1, 2 or k. I f fe  Aut(G) fixes an arc 
then it fixes at least three orbits so it fixes all k orbits. By Lemma 6,f= id. This remark 
applies if the number k of orbits is a prime number and d= 2. In this case (7 is 1-orbital, 
thus it is a cycle of digons. 
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If k/> 6 and G is not a k-generalized cycle, LG can be a Cayley digraph on a proper 
subgroup of Aut(G). For example, take the permutations of degree 18: 
a=(123456)  (789 l01112) (131415161718); 
b=(1211161512)  (714171036) (13854918). 
Let H = Cay(~, A ) where Q = (a, b) and A = {a, b~. Let G be the quotient digraph/4. It 
can be checked that G is of order 18, 6-orbital and it is not a 6-generalized cycle. The 
digraph LG is isomorphic to H, so it is a Cayley digraph on •. Since 1Q I= 36 and 
I Aut(G)l =72, Aut(G) has a proper arc-regular subgroup. 
We summarize the main results from the above discussion in the next theorem. 
Theorem 16. Let G be a 2-regular k-orbital arc-transitive digraph. 
(a) If k <~ 4, then LG is a Cayley digraph. 
(b) / f  k---5, then LG is a Cayley digraph iff G is not isomorphic to Gs. 
(c) I f  G is a k-generalized cycle, then LG is a Cayley digraph iff G ~G k with 
k = _ 1 (mod 6). 
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